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It is known in chromatography that nonuniformity of 
column-packing particle size degrades column perform- 
ance (Purnell, 1962). Accordingly, column packing is 
customarily size-classified, with only a relatively narrow 
range of sizes being used in the preparation of a column. 
The necessity and adequacy of this are not often subjected 
to test. I t  can be expected that the interaction of particle- 
size distribution with the numerous other factors affecting 
performance will be complex and that the conclusions of 
experimental studies of its importance cannot be extrap- 
olated with confidence in the absence of direction from 
theory. Moment-analysis methods recently applied to the 
study of various rate and transport parameters for beds of 
porous solids (Schneider and Smith, 1968; Padberg and 
Smith, 1968; Adrian and Smith, 1970) can be adapted to 
this end. 

For spherical packing particles, uniformity over the 
cross section of the column, and linear adsorption/desorp- 
tion rates, one has for a packed column 
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The particle-size distribution appears in Equation (1)  as 
part of a locally space-averaged rate of mass transfer from 
the extraparticle volume to the intraparticle volume. 

Upon applying initial and boundary conditions corre- 
sponding to injection of a rectangular pulse 

ca = 0 at t = 0 for all z and 

ci = 0 at t = 0 for all z and r 

ci = finite at r = 0 for all t 

c, = 0 at t = 0 for all z 
c, = co at z = 0 for 0 < t Ato 

ce = 0 at z = 0 for t > to 

c, = finite at z+ 03 for all t, 

the Laplace transformation permits one to obtain 

+e(z, S) = ( c ~ / s )  (1 - e-sto) e * Z .  (4)  

This transform can be directly related (Schneider and 
Smith, 1968) to the moments of the chromatographic out- 
put c,( t )  measured at a given z to yield 

and 

It is seen that the distribution of particle sizes does not 
affect the first moment, or retention time, of the pulse for 
a given Eb. However, the second moment, and thus the 
peak width, is  affected through the last term in Equation 
(6) explicitly and perhaps also through the third term 
via DA. For uniform particles, one can readily verify that 
this relation for the second moment reduces to that given 
previously (Kubin, 1963). 

Axial dispersion is recognized as depending on packing 
size, although the dependence on size distribution is not 
known. Dispersion also depends importantly on bed uni- 
formity, and particle-size distribution undoubtedly affects 
the ease with which uniform columns can be prepared. 
Nevertheless, axial dispersion is not uniquely related to 
particle-size distribution but depends on other factors at 
least partially under the control of the experimenter. Con- 
sequently, in what follows the effect of particle-size distri- 
bution on DA is neglected, although it should be under- 
stood that the effect on p2 of differences in DA can be 
greater than that considered below. 

The remaining effect, appearing in the last term of 
Equation ( 6 ) ,  arises from intraparticle diffusion (R') 
and mass transfer from the fluid to the external particle 
surface ( 3 0 ,  R / k , ) .  The resulting increment 8p2 to the 
second moment above that for uniform particles of radius 
R as a ratio to the contribution Apz of this last term of 
Equation (6)  is given by 
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For a given system and conditions, Ap2 may account for 
any fraction of p2 from zero to unity. 

Further consideration of the effect of particle-size dis- 
tribution requires a knowledge of the dependence of k,,, 
on R. Empirical correlations are available for the depen- 
dence of average mass-transfer coefficients on particle size 
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for beds of uniform particles and on average particle size 
for beds of nonuniform particles, Neither is strictly applic- 
able to the needs of Equation (7), which requires the 
average mass-transfer coefficient over the total particle 
surface for a single particle in the mixture. Nevertheless, 
one may reasonably hope to estimate the magnitude of 
the effects to be expected by considering two special 
cases: 1. that k m ( R )  is uniform at the value k , ( K )  given 
by correlations for a bed of particles of mean radius n, 
and 2. that k,( R )  as a function of R has the values k , ( x )  
given by the correlatioi~s for 3 = R.  Wakao et al. (1958) 
give the correlation for mass transfer in packed beds at 
low Reynolds numbers 

NSh = 2 A  km/D = 2.0 + 1.45 N R e 1 f 2  Nsc'" (8) 

in which the dependence of k ,  on ranges from k ,  a 
l / R  at very low Reynolds numbers to k ,  0~ l / f i  as the 
Reynolds number becomes large. 

Taking the case of a uniform k ,  ( R )  = k ,  ( R ) ,  one ob- 
tains 
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For Case 2 ,  at low and high velocities, respectively, one 
has 

(2) = [(F) - ( W ) 2 ] / ( F )  (10) 
NRe-+O 

and 

calculated to be only 0.3%; and for tolerances of 2 SO%, 
8%. 

It is seen from the analysis presented that the existence 
of a distribution of column-packing particle sizes should 
result in an increased spreading of chromatographic peaks 
in comparison with columns packed with uniform parti- 
cles, due to the effects of intraparticle diffusion and fluid- 
to-particle-surface mass transport. Quantitatively, how- 
ever, it appears that reasonably narrow particle-size 
ranges will contribute relatively little to the width of a 
peak. The effect of particle-size distribution on peak 
broadening due to variations in axial dispersion is not 
encompassed in the criterion provided by Equation (12) 
and needs further study. 

NOTATION 

c,  = 

C e  = 

ci = 

c o  = 

D =  

DA = 
D; = 

concentration of adsorbing gas adsorbed, mole/g 
of adsorbent 
concentration of adsorbing gas in the extraparticle 
volume, mole/cm3 
concentration of adsorbing gas in the intraparticle 
pore volume, mole/cms 
concentration of adsorbing gas in input pulse, 
mole/cm3 
molecular diffusivity of adsorbing gas in gas 
phase, cm2/s 
effective axial disDersion coefficient. cm2/s 

. effective intraparticle diffusivity, cm2/s 
f ( R )  = particle-size distribution function, such that 

f ( R )  d R  is the fraction of the volume, occupied 
by particles, consisting of particles with radii be- 
tween R and R + dR, l/cm 

= adsorption rate coefficient, cm/s k, 

6 [(F) - ( R ) 2 ] / ( F )  . (11) 

is a 

Noting the inequalities and 
NRe-' O0 

According to Equation (8), (2&/DNsh) 

constant independent of 
also that Ac~2 6 ~ 2 ,  one arrives at the general result 

as an upper bound on the fractional contribution of intra- 
particle diffusion and fluid-to-particle-surface mass transfer 
to the second moment. 

Quantitative evaluation of the effect of particle-size dis- 
tribution requires the introduction of a relation for f ( R ) .  
Since size classification is usually performed by screening 
between two sieve sizes, a reasonable distribution for ex- 
amination is described by 

0 f o r R <  ( l - ~ ) a  

[ o for R >  (1+K)Z 
f ( R ) =  '/zKRfor ( ~ - K ) R L R ~ ( ( ~ + K ) K  

where 0 < K 4 1. For this distribution one finds 

SPZ K 2 / 3  

cL2 1 + K 2 / 3  ' 

-6 

Thus, for a particle-size distribution with tolerances of * 10% about the mean, the maximum effect of intraparti- 
cle diffusion and fluid-to-particle-surface mass transport is 
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adsorption equilibrium constant, cm3/g 
mass-transfer coefficient for transfer between ex- 
traparticle fluid and external particle surface, 
cm/s 
2 & / u ,  bed Reynolds number 
u/D, Schmidt number 
2Rk , /D ,  Shenvood number 
radial distance from center of a particle, cm 
particle radius, cm 

L O 0  R" f ( ~ )  d ~ ,  mean value of R" 

Laplace transform parameter, l / s  
time, s 
duration of the input-pulse injection, s 
average extraparticle axial velocity, cm/s 
axial distance from column entrance, cm 

Greek Letters 

= d-& ("+ s K , + k ,  ppk,K,  ) 
8p2 

~p~ 

= difference between Ap2 for columns of nonuni- 
form and uniform particles, s2 

= contribution to p2 of intraparticle diffusion and 
of mass transfer between extraparticle fluid and 
external particle surface, s2 

= bed void fraction, exclusive of intraparticle voids 

= Laplace transform of ce 
= parameter in Equation (13) 

t b  
cP = intraparticle void fraction 
4e 
K 
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p’, 

p2 

p,, = particle density, g/cm? 
v 

= first absolute moment of chromatographic output 

=- second central momellt of chromatographic out- 

Kubin, M., “Beitrag zur Theorie der Chromatographie. 11. 
Einfluss der Diffusion ausserhalb und der Adsorption inner- 
halb des Sorben-Korns,” Collect. Czech. chem. Commun., 
30,2900 ( 1965). 

Padberg, G., and J. M. Smith, “Chemisorption Rates by Chro- 
matography,” J. Catul., 12, 172 ( 1968 ) .  

Purnell, H., “Gas Chromatography,” p. 185, Wiley, New York 
( 1962). 

Schneider, P., and J. M. Smith, “Adsorption Rate Constants 
from Chromatography,” AZChE J., 14,762 ( 1968). 

Wakao, N., T. Oshima, and S. Yagi, “Mars Transfer from 
Particles to Fluid in Packed Beds,” Kagaku Koguku, 22, 
780 (1958); Chem. Abstr., 53,2702g (1959). 

response, s 

put response, s2 

= fluid kinematic viscosity, cm2/s 
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Relationship of the Two-Level Optimization Procedure 
to the Discrete Maximum Principle 

A. V. SCHOCK and REIN LUUS 
Department of Chemical Engineering 

University of Toronto, Toronto, Canada 

We propose to show the relationship between the Dis- 
crete Maximum Principle (1) and the Two-Level Optimi- 
zation Procedure (2 to 5) as applied to static or discrete 
time optimization problems. This will indicate the basis 
on which the Two-Level Optimization Procedure has been 
developed and will show that it is another method for 
solving the necessary conditions of the Discrete Maximum 
Principle. The immediate consequence of this is that the 
shortcomings of Two-Level Optimization are those of the 
Discrete Maximum Principle and of all problem solving 
techniques in which the decision variables appear linearly. 

Consider, as a basis for the development of the com- 
parison, the optimal control of sequential, unconstrained 
problems. (Constraints and recycle do not change the re- 
sulting relationship, and we wish to keep the development 
here as simple as possible.) The problem is to minimize 
the performance index 

N 

ICx(O),Nl = C’x(N) + 2 JCx(k - 11, (u(k - l ) ]  
k = l  

(1) 
subject to the state equation 

~ ( k )  = f (k)  = f[x(k - l ) ,  u(k - I)] 
x(0)  given; k = 1,. . . , N ( 2 )  

Correspondence concerning this communication should be addressed 
to Rein Luus. 

by means of appropriately choosing the unconstrained 
control policy u(O), u ( l ) ,  . . . , u(N - 1). 

The Two-Level Optimization approach requires the de- 
composition of the performance index as 

N t l  

I[x(O),NI = 2 J ( k )  (3)  
k = l  

where 

j(k) = ][x(k - l), ~ ( k  - l)]; k = 1,. . . , N 

J ( N  + 1) = C’x(N) 

and the formulation of the Lagrangian function 
N t 1  N 

L = c J ( k )  + 2 p’@) Cfjk) - x(k) l  (4) 
k = l  k = l  

The subsequent independent subproblems consist of 
minimization of the subLagrangians L (k) defined as 

L ( k )  = J(k) + p’(k)f(k) - p’(k - l ) x ( k  - 1)  ( 5 )  

k =  1, . . . , N +  1 
with 

p(0)  = p ( N +  1)  = f ( N +  1)  = o  
The first level of optimization involves minimizing the 

subLagrangians of Equation ( 5 )  for given values of the 
decomposition vectors p ( k ) ,  k = 1 , .  . . , N .  Necessary 
conditions for these minima are the following stationary 
conditions 
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